We investigate the role of the quartic anharmonicity in lattice dynamics and thermal transport of type-I clathrate Ba 8 Ga 16 Ge 30 based on ab initio self-consistent phonon calculations. We show that the strong quartic anharmonicity of rattling guest atoms causes the hardening of vibrational frequencies of low-lying optical modes and thereby affects calculated lattice thermal conductivities κ L significantly, resulting in an improved agreement with experimental results including the deviation from κ L ∝ T −1 at high temperature. Moreover, our static simulations with various different cell volumes shows a transition from crystal-like to glasslike κ L around 20 K. Our analyses suggest that the resonance dip of κ L observed in clathrates with large guest-free-spaces is attributed mainly to the strong three-phonon scattering of acoustic modes along with the presence of higher-frequency dispersive optical modes. PACS numbers: 63.20.dk, 63.20.kg, Intermetallic clathrates are a class of materials possessing a cage-like structure incorporating a guest atom, which is loosely bound inside an oversized cage and makes a large amplitude thermal vibration called "rattling". Experimental and theoretical studies have evidenced that rattling guest atoms cause characteristic lattice dynamics of clathrates including lowfrequency vibrational modes showing significant temperature (T) dependence [1-4] and very low lattice thermal conductivity (LTC, κ L ) [3, 5, 6] . LTCs of clathrates are not only very low but also show exceptional and diverse T-dependence. For example, κ L of electron-doped type-I clathrate Ba 8 Ga 16 Ge 30 (BGG) shows a peak around 20 K followed by a decreasing region at higher temperature [7, 8], just like many crystalline solids. However, in the temperature region above ∼100 K, the T-dependence is much milder than κ L ∝ T −1 of typical crystalline materials [9]. More exceptional T-dependence has been reported for type-I clathrates X 8 Ga 16 Ge 30 (X=Sr, Eu) [7, 10] and Ba 8 Ga 16 Sn 30 [11]. In these materials, the LTCs behave like a typical glass, showing a plateau region or a "resonance dip" [10] near ∼20 K, an increasing trend in ∼20-100 K, and a nearly T-independent region above 100 K. These unconventional and diverse thermal transport in intermetallic clathrates has been attributed to the difference in the guest-freespace of the rattling atoms [7, 12, 13], the host-guest coupling strength [14, 15], and the magnitude of static/dynamical disorders [14, 16] . Despite these continuous efforts, the origin of the unusual LTCs of clathrates still remains unclear.
Intermetallic clathrates are a class of materials possessing a cage-like structure incorporating a guest atom, which is loosely bound inside an oversized cage and makes a large amplitude thermal vibration called "rattling". Experimental and theoretical studies have evidenced that rattling guest atoms cause characteristic lattice dynamics of clathrates including lowfrequency vibrational modes showing significant temperature (T) dependence [1] [2] [3] [4] and very low lattice thermal conductivity (LTC, κ L ) [3, 5, 6] . LTCs of clathrates are not only very low but also show exceptional and diverse T-dependence. For example, κ L of electron-doped type-I clathrate Ba 8 Ga 16 Ge 30 (BGG) shows a peak around 20 K followed by a decreasing region at higher temperature [7, 8] , just like many crystalline solids. However, in the temperature region above ∼100 K, the T-dependence is much milder than κ L ∝ T −1 of typical crystalline materials [9] . More exceptional T-dependence has been reported for type-I clathrates X 8 Ga 16 Ge 30 (X=Sr, Eu) [7, 10] and Ba 8 Ga 16 Sn 30 [11] . In these materials, the LTCs behave like a typical glass, showing a plateau region or a "resonance dip" [10] near ∼20 K, an increasing trend in ∼20-100 K, and a nearly T-independent region above 100 K. These unconventional and diverse thermal transport in intermetallic clathrates has been attributed to the difference in the guest-freespace of the rattling atoms [7, 12, 13] , the host-guest coupling strength [14, 15] , and the magnitude of static/dynamical disorders [14, 16] . Despite these continuous efforts, the origin of the unusual LTCs of clathrates still remains unclear.
Recently, ab initio calculation of LTC based on the PeierlsBoltzmann theory [17] has established itself as a convenient way to predict/analyze thermal transport phenomena in solids [18] . Although the validity of the Boltzmann theory is limited to the cases where the phonon quasiparticle picture is well established [19] , it has reproduced experimental LTC of BGG in a relatively low temperature region [6] . However, the ab initio Boltzmann approach considerably underestimated κ L above ∼ 100 K. A similar underestimation has also been reported in a more recent study on another type-I clathrate Ba 7.81 Ge 40.67 Au 5.33 [15] . These results clearly indicate the necessity of an improved theoretical approach. One of the most problematic approximations made in the conventional Boltzmann approach is the omission of the quartic anharmonicity. Indeed, the atomic displacement factor of guest atoms is so significant that the quartic anharmonicity cannot be neglected anymore in clathrate.
Here, we report volume-and temperature-dependence of κ L of type-I clathrate BGG obtained from first-principles calculation, where the temperature renormalization of the vibrational frequency by the quartic anharmonicity is considered using the self-consistent phonon (SCP) theory [21] [22] [23] [24] [25] [26] . We show that the strong quartic anharmonicity of rattling motions makes the deviation from κ L ∝ T −1 at high temperature. Our computational analyses also indicate that the resonance dip observed in clathrates with large cage-sizes can be attributed to the strong three-phonon scattering of acoustic modes along with the presense of high-frequency dispersive optical modes and the phonon-boundary scatterings.
We start by giving a brief overview of the SCP method. Following our recent implementation [25] , we calculate the T-dependent anharmonic frequencies Ω q (T) and polarization vectors q (T) by diagonalizing the matrix V q defined as
Here, ω q j is the harmonic phonon frequency with the crystal momentum q and the branch index j, and q is the shorthand notation for (q, j) satisfying q = (q, j) and −q = (−q, j). Φ(q j; −q j ; q 1 ; −q 1 ) is the reciprocal representation of the fourth-order interatomic force constants (IFCs). Einstein distribution function, β = 1/kT with the Boltzmann constant k, and is the reduced Planck constant, respectively. The frequency renormalization by the SCP theory includes the effect of an infinite set of Feynman diagrams generated from the loop diagram, which is a first-order correction by the quartic anharmonicity [28] . Therefore, it should be more important than the four-phonon scattering, which is a second-order correction, especially for low-κ L materials. More details about the present SCP formalism are described elsewhere [25, 28] . All of the DFT calculations were conducted using the code [1] , with the GGA-PBE functional [5] and the projector augmented wave (PAW) method [2, 3] , and the phonon calculations were performed using the package [13, 14] . An ordered unit cell containing 54 atoms (space group Pm3n) was employed for modeling lattice anharmonicity and phonon thermal transport. To investigate the effect of the guest free space on phonon properties, the lattice constant of BGG was compressed/expanded from the optimized value (10.954 Å, hereafter called "opt.") by −2% to +6% in steps of 2%. Harmonic and anharmonic IFCs were estimated using the compressive sensing lattice dynamics method [8] . More detailed computational procedures are provided as the Supplemental Information (SI) [36] .
Calculated harmonic phonon dispersion curves of BGG in the low-frequency region (≤ 80 cm −1 ) are shown in Fig. 1(a) by dotted lines. With increasing the lattice constant, the frequencies of the low-lying optical modes associated with rattlers decrease. In the largest-volume case, twelve phonon modes become unstable (ω 2 q < 0), all of which can be well characterized as collective motions of Ba(2) atoms inside the tetrakaidecahedral cages (see Fig. 1(c) ). To see the volume dependence of the lattice anharmonicity more directly, we also calculated the potential energy surface (PES) of the Raman active T 2g guest mode by displacing atoms by u κ = M −1/2 κ e q,κ η with η being the amplitude of the normal coordinate of the T 2g mode. In Fig. 1(b) , we compare the PESs calculated by DFT and those calculated from the IFCs. The left panel of Fig. 1(b) shows that the harmonic approximation fails to capture the actual shape of the PES, indicating the significance of the anharmonicity. Indeed, if we include the contribution from the fourth-order IFCs, we obtain overall good agreements with the DFT results (middle panel). Moreover, the sixth-order IFCs further improve the accuracy of the Taylor expansion potential (right panel). Since the correction by the sextic terms is minor, however, we only considered the dominant quartic terms in the SCP calculations.
We calculated finite-temperature phonon dispersion curves by solving the SCP equation [Eq. (1)] at various temperatures. The SCP dispersion curves at 300 K are shown in Fig.1(a) by solid lines. The quartic anharmonicity generally increases the frequencies of the low-lying rattling modes, which can be attributed to the dominant and positive contribution from the diagonal term of the quartic coefficient; Φ(0 j; 0 j; 0 j; 0 j) > 0 for the low-lying optical modes j. With increasing the cage size, the quartic component of the PES becomes more important as shown in Fig. 1(b) , leading to the greater frequency shifts. For the higher-frequency modes above 80 cm −1 , the anharmonic renormalization was turned out to be relatively small (see the SI [36] ). The present result is the first realization of the ab initio SCP calculation for a complex host-guest structure.
According to the Raman study of Takasu et al. [1] , the frequency of the T 2g guest mode in BGG increases from 31 cm −1 at 2 K to 34 cm −1 at room temperature. The SCP theory for the "opt." case gives 29.8 cm −1 at 0 K and 35.5 cm −1 at 300 K, which agree well with the experimental values especially given that the present SCP theory neglects the intrinsic frequency shift by the cubic anharmonicity and the quasiharmonic effect. To investigate the significance of the intrinsic frequency shift by the cubic terms, we also calculated the lowest-order correction by the cubic anharmonicity from the real part of the bubble self-energy as
Here, N is the number of q points in the first Brillouin zone, n i = n(Ω q i ), ω c = ω + i0 + with 0 + being a positive infinitesimal, and the summation over (q 1 , q 2 ) are restricted to the pairs satisfying the momentum conservation; q ± q 1 = q 2 + G. For the "opt." case, the ∆ q value of the T 2g mode calculated with the 9×9×9 q point mesh was −0.2 cm −1 at 0 K and −1.1 cm −1 at 300K. Hence, the experimental T-dependence of the Raman shift can be better explained with the inclusion of the effect of the intrinsic frequency shift by the cubic anharmonicity. We have also calculated the ∆ q values for the other systems with different cage sizes and found that the frequency shift by the bubble diagram is negative (∆ q < 0) and less significant than the hardening by the quartic anharmonicity [36] .
To elucidate the intrinsic effects of the frequency renormalization on LTC quantitatively, we have calculated κ L based on the Boltzmann transport equation (BTE) within the relaxationtime approximation, where
Here, V is the unit cell volume, c q (T) is the mode specific heat, v q (T) is the group velocity, and τ q (T) is the lifetime of phonon q. Unlike the conventional BTE approach, where harmonic frequencies and eigenvectors are used as the ground state for calculating v q and τ q , we employ the SCP frequencies and eigenvectors in the present SCP+BTE method [Eq. (3)]. Therefore, the group velocity v q (T) = ∂Ω q (T)/∂q also shows intrinsic T-dependence. The phonon lifetime τ q is estimated using the Matthiessen's rule τ −1
The anharmonic scattering rate is calculated from the imaginary part of the bubble self-energy [Eq. (2)
q (Ω q ), and the phonon-isotope scattering rate τ −1 q,iso is evaluated perturbatively [43] . For the phonon-boundary scattering rate, we employ τ −1 q,b = 2|v q |/L with the grain size of L = 2.5 µm that reproduces the experimental crystalline peak of LTC [7] . Figure 2 shows (V, T)-dependence of LTC calculated by the BTE and the SCP+BTE methods with 9×9×9 q points. The LTC values calculated by the SCP+BTE method are generally higher than those obtained by the conventional BTE method. This tendency becomes more pronounced with increasing V and T. The predicted κ L value by the SCP+BTE method is 0.97 W/mK at 300 K, which agrees well with the experimental values of 1.31 W/mK (Sales et al., Ref. 7) and 1.06 W/mK (May et al., Ref. 9) . In contrast, the conventional method gives 0.58 W/mK, which is 40% smaller than the SCP+BTE value. Moreover, the deviation from κ L ∝ T −1 in a high temperature range can be well reproduced by the SCP+BTE approach. These results clearly reveal the essential role of the frequency renormalization on the thermal transport properties of BGG. To elucidate the origin of the increase in κ L due to the hardening of the guest modes, we compare the LTC spectrum κ L (ω) for the "opt." case at 300 K. The results are shown in Fig. 3(a) . With the hardening of the low-lying guest modes, κ L (ω) increases significantly in the frequency region below 70 cm −1 . After careful investigation, we found that this increase can be ascribed to the decrease in the phonon linewidth Γ (B) q , whose magnitude is roughly proportional to the available scattering phase space (SPS) and the strength of the cubic coupling |V (3) 
In the frequency range of 45-65 cm −1 , the SPS decreases by ∼ 50% due to the hardening of the low-frequency guest modes [36] . This reduction results in the enhancement of κ L (ω) in the same frequency range. In the low-frequency region below 45 cm −1 , however, the change of the SPS is too small to explain the corresponding enhancement of κ L (ω). Indeed, we found that the coupling coefficient |V (3) (−q; q 1 ; q 2 )| 2 is also suppressed strongly due to the reduction of the optical-acoustic phonon hybridization caused by the hardenings of the optical modes (see the SI [36] ). The reduction of Γ (B) q by the anharmonic renormalization observed here highlights the importance of the (effective) harmonic force constants, in accord with the previous numerical and experimental studies [44] [45] [46] . We have also found that, with the inclusion of the effect of the frequency renormalization, the theoretical Γ (B) q values of TA modes agree quantitatively with the experimental results of Lory et al. [15] at 300 K (see the SI [36] ).
Next, we discuss the volume dependence of the LTC calculated by SCP+BTE. As can be inferred from Fig. 2 , the LTC values decrease with increasing the unit cell volume. It is interesting to observe that the crystalline peak of κ L near 20 K evolved into a resonance dip when the the lattice constant was expanded up to +4%. In the "+4%" system, κ L takes the minimum value at ∼15 K and increases up to 50 K, which is qualitatively different from the T-dependence of the other systems. These computational results agree qualitatively with the experimental results on Sr 8 Ga 16 Si 30−x Ge x , where the cage size was controlled by changing the x value [12] . To understand the microscopic origin of the increase of κ L from ∼15 K to 50 K, we compare the calculated LTC spectra of the "+2%" and "+4%" systems in Figs. 3(b) and (c), respectively. In the both systems, the dispersive phonon modes below 50 cm −1 contribute more than 90% to the total κ L value at 20 K. When higher frequency phonon modes are thermally excited at 50 K via the enhancement of c q (T), the contribution from the dispersive optical modes around 100 cm −1 becomes significant. In the "+2%" system, the thermal enhancement of κ L (ω) near 100 cm −1 was smaller than the concurrent reduction in ω < 50 cm −1 , which resulted in κ L (20K) > κ L (50K). When the lattice constant is changed from "+2%" to "+4%", the frequencies of the low-lying guest modes decrease as discussed earlier. This softening causes suppression of κ L (ω), which is particularly significant in ω < 50 cm −1 while the phonon lifetimes as well as κ L (ω) in the higher frequency region (∼100 cm −1 ) are less affected [36] . Such a joint effect of strong acoustic-optical scatterings in the low-frequency range and the presence of higher-frequency dispersive optical modes resulted in κ L (20K) < κ L (50K) for the "+4%" system. It is important to mention that the predicted κ L values in the low-T region depends on the employed grain size L. We found that the resonance dip of the "+4%" system persisted even when we omitted the boundary scattering term. Moreover, the resonance dip changed into a plateau when we employed a smaller L value, which is consistent with the experimental fact that the presence of the resonance dip is sensitive to details of sample preparation methods [7, 10, 16] . Finally, we focus on the T-dependence of κ L above 50 K in Fig. 2 . The T-dependence obtained by the conventional BTE method follows κ L ∝ T −1 for all of the studied systems, which do not agree with the experimental fact that κ L shows weaker T-dependence [9, 12] . The SCP+BTE method considerably improved the agreement with the experimental results and produced milder temperature dependence. However, it was still inadequate to reproduce the increasing trend of κ L observed in some clathrates having large guest-free-spaces. Since the SCP+BTE method is still based on the phonon-gas model, it does not include the nondiagonal Peierls contribution [19, 47] and the anharmonic contribution [48] to the heat flux operator, which become generally more important at high temperature. Therefore, our results also indicate that these contributions may not be negligible in some clathrates at high temperature.
To summarize, we performed fully ab initio calculations of κ L of type-I clathrate BGG with various different cage sizes, where both the three-phonon scattering and the frequency renormalization by the quartic anharmonicity were taken into account. We showed that the hardening of vibrational frequencies of rattling modes caused by the quartic anharmonicity significantly affects the calculated κ L values, leading to an improved agreement with experimental results including the T-dependence weaker than κ L ∝ T −1 . In addition, we found that the evolution from crystal-like to glasslike κ L near ∼20 K can be realized by our static calculations without disorders, which can be attributed to the presence of low-frequency guest modes that strongly couple with acoustic modes along with higher-frequency dispersive optical modes and the phonon-boundary scatterings. While our simulation does not exclude the possibility of disorders to further reinforce the glasslike behavior observed in real clathrate samples, it provides a new miscroscopic insight into the exceptional thermal transport of clathrates.
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A. DETAILS OF COMPUTATIONAL PROCEDURE
In this study, we performed DFT calculations using the Vienna Ab initio simulation package ( ) [S1] with the projector augmented wave (PAW) method [S2, S3]. We employed the cutoff energy of 320 eV and 4×4×4 MonkhorstPack k grid [S4] for the Brillouin zone integration. For the exchange-correlation functional, we employed the PerdewBurke-Ernzerhof (PBE) functional [S5] . As a structural model for Ba 8 Ga 16 Ge 30 , we employed a fully ordered unit cell as in Ref. [S6] , where the Ga atoms occupy the 16i wyckoff sites. Before performing phonon calculations, we fully relaxed the lattice constant a and the internal coordinates, where we obtained a = 10.954 Å. Then, we changed the lattice constant from the optimized value by −2%, +2%, +4%, and +6%, and relaxed the internal coordinates for them. The actual values of the lattice constants and the resulting pressures are shown in table S1.
After the relaxation, we calculated harmonic interatomic force constants (IFCs) using the finite displacement approach [S7] . Here, we considered all harmonic IFCs inside the unit cell and employed the displacement length of ∆u = 0.02 Å. The anharmonic IFCs were calculated using the compressive sensing lattice dynamics method [S8] . To this end, we employed the following procedure: First, we performed ab initio molecular dynamics (AIMD) for the "+4%" system at 300 K and generated physically relevant atomic configurations. The AIMD simulation was performed with 2×2×2 MonkhorstPack k grid and a relatively large convergence criterion for the SCF loop to accelerate the structural sampling. Second, we uniformly sampled 140 snapshots from the AIMD trajectory. In each sampled snapshot, we further displaced all atoms by 0.1 Å in random directions to decrease cross-correlations between the sampled configurations. Third, we performed static DFT calculations for the 140 snapshots and calculated HellmannFeynman forces accurately. These displacement and force data sets form a training data for estimating anharmonic IFCs of the "+4%" system. For the other systems with different unit cell volumes, the atomic snapshots were created sim- ply by changing the lattice constants while leaving the internal coordinates of the original structures unaltered. In total, 140 × 5 = 700 DFT calculations were conducted for calculating anharmonic IFCs of Ba 8 Ga 16 Ge 30 . Finally, we estimated anharmonic IFCs by using the least absolute shrinkage and selection operator (LASSO) [S9] . The hyperparameter for the LASSO was selected from cross-validation scores [S10] , and the optimization problem was solved by using the coordinate descent method [S11] .
In the present study, we considered anharmonic IFCs up to the sixth order. To reduce the number of independent IFCs, we introduced cutoff radii for anharmonic terms so that only the host-guest (host-host) terms inside the first (second) nearest neighbor shell were included. In addition, we omitted less important four-body terms for the quartic IFCs and multi-body (> 2 body) terms for the quintic and sextic IFCs. After removing linearly-dependent IFCs by using available symmetry operations and the constraints of the translational invariance, the numbers of irreducible IFCs turned out to be 994, 2819, 252, and 345 for cubic, quartic, quintic, and sextic terms, respectively. We estimated these 4410 terms by solving the 1 -regularized linear regression problems. The calculated cubic and quartic IFCs were employed for the subsequent phonon calculations.
The self-consistent phonon (SCP) calculations were performed at q = q 1 = 0, and anharmonic phonon frequencies and eigenvectors at arbitrary q points were obtained by Fourier interpolation.ãĂĂ For thermal conductivity calculations, we employed the gamma-centered 9×9×9 q points, with which we obtained well-converged results. The Dirac delta function appearing in Γ (B) q was evaluated using the tetrahedron method [S12] . All of the phonon calculations and IFC estimations were performed by using the package [S13, S14].
B. ANHARMONIC PHONON DISPERSION
The full anharmonic phonon dispersion curves calculated by the self-consistent phonon (SCP) theory are shown in Figs. S1-S5. In these figures, we also show harmonic phonon dispersion curves for comparison.
C. FREQUENCY SHIFT BY CUBIC ANHARMONICITY
In table S2, the frequencies of the T 2g guest mode calculated with different conditions and approximations are summarized. The "SCP+Bubble" corresponds to the value of Ω q +∆ q where
q (Ω q ). For the "+6%" system, we could not reach a convergence of the SCP equation at 0 K within a reasonable computational time. This is reasonable because the present SCP method does not allow the spontaneous symmetry breaking to occur and the thermally averaged equilibrium positions of the rattlers are assumed to be the center of the cage irrespective of temperature. For off-center systems, such an assumption is invalid in a low-temperature region, but should be more or less reasonable at high temperatures. 
D. PHONON LIFETIME
The calculated phonon lifetimes τ q,anh = 2Γ When the harmonic lattice dynamics wavefunction is used (Fig. S11) , the 1/τ anh value at 300 K for the "opt." system, whose lattice constant is closest to that of Ba 7.81 Ge 40.67 Au 5.33 , is as large as 0.25 and 0.49 ps −1 for the TA1 and TA2 modes, respectively. These results overestimate the experimental values by a factor 4 to 8, in accord with the DFT results of Lory [S15] . When we considered the temperature dependence of phonon frequencies by the SCP theory (Fig. S12) , the 1/τ anh values were reduced to 0.09 and 0.13 ps −1 for the two TA modes. Although the comparison here is not rigorous as we compare two different materials, the results based on the SCP lattice dynamics wavefunctions agree well with experimental phonon lifetimes at 300 K, thus indicating the importance of the anharmonic renormalization of phonon frequencies and eigenvectors. When the temperature was decreased down to 10 K, the calculated 1/τ anh values became as small as ∼0.001 ps −1 , whereas the experimental value was ∼0.018 ps −1 . The origin of the disagreement at 10 K may be attributed to the offcentering rattlers, additional scattering channels of phonons other than the three-phonon process, static and dynamical disorders, dislocations, and/or the resolution limit of the NRSE measurements.
E. CHANGE OF SCATTERING PHASE SPACE AND CUBIC COUPLING BY FREQUENCY RENORMALIZATION
We show the change of the three-phonon scattering phase space (SPS) and the strength of the cubic coupling coefficients caused by the hardening of low-lying guest modes. Here, all of the results were calculated with the optimized lattice constant and at 300 K.
The three-phonon SPS of phonon q is defined as
(S1) When the SPS was calculated based on the SCP solution, the harmonic phonon frequencies were replaced by the temperature dependent anharmonic phonon frequencies, i.e., ω q → Ω q . The calculated results are shown in Fig. S13 . In the frequency range of 45-65 cm −1 , the SPS descreses by about 50% due to the anharmonic renormalization of phonon frequencies.
To highlight the importance of the change of anharmonic coupling coefficients, we also compare the components of |V (3) (−q; q 1 ; q 2 )| 2 = |Φ(−q; q 1 ; q 2 )| 2 /8ω q ω q 1 ω q 2 calculated with and without the temperature renormalization of phonon frequencies. The computational results are shown in Fig. S14 . Here, we selected transverse acoustic (TA) and longitudinal acoustic (LA) modes at q = ( 1 5 , 0, 0). The frequencies of these two acoustic modes are 13.8 and 22.1 cm −1 within the harmonic approximation and 14.1 and 22.7 cm −1 within the self-consistent phonon theory. Also, the components of |V (3) (−q; q 1 ; q 2 )| 2 are shown only for the pairs (q 1 , q 2 ) satisfying the momentum-and energy-conservation laws. Figure  S14 shows that the coupling coefficient |V (3) 
